Abstract. By the use of symbolic dynamics, this note proves a result of B. Barna concerning real polynomials of degree at least 4 and having all distinct simple real roots. Specifically, the set of initial points, for which Newton's method fails to converge to a root of the given polynomial, is homeomorphic to a Cantor set. Also the note shows that the requirement for simple roots may be relaxed, and one still has Barna's result being valid.
Introduction. In [9] , S. Smale states that B. Barna proves that for a polynomial with all real roots, Newton's method converges to a root starting with almost every real number and the exceptional set of initial points is homeomorphic to a Cantor set. Specifically, Barna [1] proves that for a polynomial of at least degree 4 with distinct simple real roots, the exceptional set of initial points is homeomorphic to a Cantor set. In this note, Barna's result is proven with the use of symboUc dynamics. Moreover, one can extend Barna's result to polynomials having at least 4 distinct real roots and only real roots. Besides Smale's paper, at least two papers that discuss Newton's method have been formulated. The papers are by D. Saari and J. Urenko [8] and by M. Hurley and C. Martin [7] .
I want to express my thanks to M. Shub for all the valuable discussions regarding the dynamics of Newton's method and to the referee for his valuable comments on this note.
Preliminaries. Let f(x) = Yl"Zo(x -r¡) where r¡ * r} (z =*=/), r¡ e R for i = 0,1,..., zz -1 and zz > 4. Define T: R -» R as follows: Tx = x -f(x)/f' (x) where/' is the derivative of/and call F the Newton transform off.
If S = {x e R: Tmx -* rt; as m -» oo for some i = 0,..., n -1), then let & =
R\S.
Barna's Theorem [1] . Iff, T, & are as above, then & is homeomorphic to a Cantor set (excluding a countable set).
Observations. (1) T'x = f(x)f"(x)/[f'(x)]2
and consequently the critical numbers of F (i.e., those values of x for which T'x = 0) are the roots of /, r0, r■ ,..., rn_,, and the points of inflection of / at sx,s2,... License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (n -1) critical numbers c0,c,,..., c"_2, and since there is only one value of x between two consecutive critical numbers of / that determines a point of inflection, there are exactly (zz -2) points of inflection.) (2) From T, one concludes that between c, and cJ+x, T is monotone decreasing from Cj to rJ+, or s,-+ ] (whichever occurs first), then is monotone increasing to sJ+, or r)+, (whichever occurs second), and finally is monotone decreasing to cJ+x (see Figure 1 ). For x < c0, Fis monotone increasing to r0 and then monotone decreasing to c0. For x > c""2, F is monotone decreasing to rn_x and then monotone increasing.
Symbolic dynamics. To derive the symbolic dynamics, some notation is necessary. Let i, = min(z-,, s¡) and u¡ = max(r,, s¡) for i: = 1,..., zz -2. Partition R into the following intervals:
(1)C0 = (-oo, c0),C"_, = (c"_2,oo);
(2)Ci = [ti,ui]fori= l,...,zz-2; (3) L, = (c,_ " ti), Ri = (u¡, c¡) for i = 1,..., zz -2.
(One notices that r0 g C0, rn_x e Q_" and z-, e C, for z = 1,..., zz -2. Also c0, c,,..., c"_2 do not belong to any of the elements of the partition.) (1) Vh. = J for i = \,...,n -3;
(2) for 1 «i « n -4, Vk, = M for k > i; (3) for 2« / « n -3, Ftj = A for zc < ».
For example if zz = 6, then V has the form
One can associate with all but a countable number of x 's a one-sided sequence of integers from the set (0,1,2,..., 3zz -5): For xíS, a certain countable set of real numbers, consider the forward orbit of x, {x, Tx, T2x,...}. Each Tkx belongs to some IXk g 9. To such an x, one assigns the sequence x = xQxxx2x3 ■ ■ ■ where x g T~kIx . One should note that for Tx, one has the sequence a(x) = x]x2xJx4 ■ ■ ■, i.e., the action of F is reflected by the one-sided shift a. Moreover, the set of all sequences which can occur is exactly X = (x = x0xxx2 ■ ■ • : axx = 1 for all i > 0}
with a" refers to the entries of A called the transition matrix.
xixi+i As pointed out above, the only real numbers which do not belong to any member of 1? are c0, cx,..., c"_2. Consequently, the countable set of omitted real numbers is 6= [x G R: Tkx -* c, for some i = 0,1,..., zz -2}.
Because the matrix A captures the orbit structure of F, one can make an interpretation of the submatrices of A, particularly 7 and V. The zz X zz identity matrix 7 indicates that if Tkx g C, for some k and some i, the forward orbit of x remains in that particular C, and converges to r¡. The matrix F captures the behavior of those x, not in 6, for which the forward orbit does not converge to a root off, i.e., Newton's method fails. Therefore F4 has no zeros at all, and F is an irreducible matrix (see [5] ). Hence for any positive integer m, there exist orbits of period zzz, i.e., for some x £ 6, Tmx = x but Tkx * xfoxO < k ^m -1. With the aid of a few propositions, one can use the sequences determined by V to conclude that S \ G is totally disconnected and perfect, or homeomorphic to a Cantor set.
Propositions. In [2], Barna proves that the equation T'x = -a for a > 0 has exactly one solution in each L, and R¡: Let a > 0. Since T'x -* -oo as x -» c~ or as x -» c,^., for i = 0,1,..., n -2, and since T'z = 0 for z g (/-0, /-,,..., z-"_,, i,,..., s"_2), T'x = -a has at least 2(zz -1) solutions. However, because T'x = -a is equivalent to f(x)f"(x)
A a[f'(x)]2 = 0 which has at most 2(zz -1) solutions, T'x = -a for a > 0 has exactly one solution for each L, and R¡.
For A, in particular from V, one observes that, within each interval (c¿_,, c¡) for i = 1,..., zz -2, there exist points of period two, i.e., T2x = x but Tx =*= x, because there area's belonging to L, n F~'ä, n F'2L, n F~3fl Proof. Suppose c,_, < x < y < t¡ with T'x > T'y. As x -» c/_x, T'x -* -00. Thus, there is a z g (c,_,, x) such that F'z = 73">>, a contradiction to the fact that T'x = -a for a > 0 has but one solution in L¡. If F'x = T'y, then again one contradicts the same fact. Consequently, T is strictly increasing on L¡. Similarly, one concludes that T is strictly decreasing on R¡. As stated before, (c,_,, c¡) has at least one period-two cycle. If (x,, Txx) and {x2, Tx2) are two distinct period-two cycles of (c,_,, c,) and x, < x2, then x, < x2 < t¡ and zz, < Fx2 < Fx,. Because F2([x,, x2]) = [x,, x2], there is an e g (x,, x2) with (T2)'e = 1. By the monotonicity of T, e < x2 implies that 1 = (T2)'e > (T2)'x2. Moreover, since (T2)'r¡ = 0 and x2 = F2x2 < T2r¡ = r¡, there exists a z g (x2, r¡) such that T2z = z and (T2)'z > 1. If T2x < x for x g 73(3, U K2, then using 77,, one concludes that there is a fixed point of T2 in (a, ß) different from r¡, a contradiction. Analogously, if F2x > x for x g A3, U 73C2, then using 772, one arrives at another contradiction. Therefore (T2)'a >1. D Proposition 3. If (a, /J) z'j i/ze period-two cycle of (c¡_x,c¡), then Tkx -* r¡ as k -> oo for x G (a, /}).
Proof. If x g C, and C, = [r" sf], then F is monotone increasing and Tx < x for x g (r" s¡ ]; hence FC, c C, and x > Fx > T2x > ■■■ > r¡. Consequently, Tkx -» x* which is a fixed point of F in C, but the only such point is r¡. Tkx -* r¡. In the situation where C, = [s¡, r,], Fx > x for x g [ s" r¡) and x < Fx < F2x < ■ • • < r¡. Again F*x ^ z-,, Suppose x g (a, /?)\ C,, If F*x •*♦ r,, then {Tkx: /c > 0) n C, = 0.
(Tkx: k > 0} c (a, ß)\ C, and one can assume that x g (a, t¡) because the matrix V indicates that if x G (zz,, ß), then Fx G (a, z,). From V, {T2jx:j > 0} C (a, t¡) and {F2j+1x: /> 0} c («,,/?). Because F is monotone decreasing on L, and 7?,-, F2j < T2z for y < z and jw, z G (a, z,) (or (u¡, ß)). If x < F2x, then Fx > F3x and Thus n,>0F"'7x consists of a single point, i.e., S is totally disconnected. (For convenience, S will be used for the exceptional set of points for F determined by V rather than S \<2.) Because 9 , the partition of R, is dense in R and, for each x g S, there is a sequence of intervals (7Xj g <3>: z = 0,1,2,... ) for which (x) = O ,>0 T'TX, ty is a topological generator for S (see [5, p. 92] ). Hence, for Z0 c .Y3 defined by X0 = {x e X: vxx =1 for all z), the set of x determined by V, the map w; X0 -* R which assigns a sequence x g X0 to a point of S, is a homeomorphism by Theorem 5.12 in [5] . Observations. (6) Let r be a multiple root of/. Then f(x) = (x -r)'g(x) where t ^ 2 and g(x) = Ylr mr(x -r,)'-. By straightforward computation, one sees that r is a critical number of/but T'r = (t -Y)/t> 0. Thus, even though/'(r) = 0, x = r, is not a vertical asymptote of F, and the result of multiple roots is that the number of vertical asymptotes for F is exactly (k -1), say c0, c2,..., ck_2.
(7) If r0 (or rk_,) is a multiple root, then in (r0, c0) (or in (ck_2, rk^,)), there is an 5 which gives rise to a point of inflection for / such that T's = 0. Consequently, T is monotone increasing on (-oo, s) (or on (s, oo)) and monotone decreasing on (s, c0) (or on (ck_2, s)) with T'x -* -oo as x -» c¿ (or as x -* ck_2). Hence,
One notices that A(x) and D(x) are polynomials of degree 2(/c -1). Thus, (1) is equivalent to the equation N(x) A aD(x) = 0 which has at most 2(zc -1) real solutions. Since T'x -» -oo as x -» c,"_, and as x -* c,+ for z = 1,..., k -1, A(x) + aD(x) = 0 has at least 2(k -1) real solutions. Therefore (1) is proven.
With (1), all discussions involving the situation where all the roots are of multiplicity 1 remains true for the situation where all the roots are real not necessarily of multiplicity 1. Hence the extension of Barna's Theorem is true.
Barna's Theorem gives insight into the structure of & for a Newton transform of a polynomial having all real roots. However, a bit more can be said about 6 if the polynomial has at least 5 distinct roots. In particular, since S contains all the periodic orbits of F, one can place a lower bound on the growth of the number of periodic orbits of F. To be precise, if Fix(F") denotes the number of fixed points of T", including those of Fm for 1 < m < n, then Fix(F") > exp(nb) for some number b > 0. The lower bound is found by using a theorem regarding the topological entropy of a continuous map of a circle into itself. (For a discussion of topological entropy see [5] .) In the present context, one can use the following interpretation of entropy denoted h(T): h(T)= lim (l/zz)logFix(F").
n-* oo
Since F: R -» R, one needs to transform F to a continous map of K, a circle of diameter 1, into K. One method is to apply the homeomorphism g: K -» R defined by g(6) = tan(i-6») G R for 9 g [0,2tt) (see [6] ). As a continuous circle map, one realizes that the degree of F (see e.g. [4] ) is -(k -2) where k is the number of distinct real roots of /. If k ^ 5, then by [3] , h(T)^ log|degF| = log (A: -2). (The result is for k > 5 because the case of |deg 3T| = 2 is not resolved in [3] .) Since there is a lower bound for h(T) with F: K -» K, one also has a lower bound for h(T) when F: R -* R because h(T) is invariant under topological conjugacy.
